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The two foremost differential geometry books of this generation observe that it is unknown 
whether or not every pair of points in a compact, connected manifold can be joined by a geodesic 
of a complete connection [I, p. 2921, [2, p. 3961. This note gives about the simplest possible 
example showing in general that they cannot be joined. To start off, consider the following 
orthonormal moving frame X = {Xl, X2} on the Euclidean plane E2 
XI = cosx 8, + sinx a?, 
X2=-sinx8,+cosx8,. 
The frame X defines a global parallelism on the plane, and the corresponding connection V is a 
metric connection for the standard Euclidean metric g (but V is not the Levi-Civita connection 
for g !) 
We observe that not only is the connection complete, but any geodesic that starts at (x0, ya) 
stays in the strip [xa - x, x0 + n] for all values of the affine parameter. 
Since the frame X is invariant under the group G of translations by 4n in the x and J 
directions, we may pass to the quotient 
T’ = E2/G 
and obtain a complete connection on the torus T2. The geodesics for this connection ‘pile up’ 
on the meridian curves, and it is not possible to connect any two points in T* whose preimages 
in E’ had x coordinates differing by more than n with a geodesic. 
’ E-mail: me@symplectic.math.ucalgary.ca. 
* Research partially supported by NSERC grant OGP0042416. 
0926-2245/98/$19.00 @ 1998-Elsevier Science B.V. All rights reserved 
PII SO926-2245(98)00012-6 
274 L. Bates 
A typical geodesic 
Added in proof 
The connection on the plane provides a simple example of a complete manifold that is 
connected by broken geodesics, but the number of breaks required may be arbitrarily large. 
Compare with N. Hicks, An example concerning affine connexions, Proc. Amer. Math. Sot. 11 
(1960) 952-956. 
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